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Abstract. We construct a nhumerical scheme for the multi-dimensional®v-Poisson-Fokker-Planck system based on a
combined finite volume (FV) method for the Poisson equatiorspatial domain and the streamline diffusion (SD) and
discontinuous Galerkin (DG) finite element in time, phagaeg variables for the Vlasov-Fokker-Planck equation.
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INTRODUCTION

We study the approximate solution for the deterministic tirdimensional Vlasov—Poisson—Fokker-Planck (VPFP)
system: given the parametgdsando and the initial datafo(x, V), (x,V) € Q := Qy x Q, C RY x RY, d = 1,2, 3, find
the density functiorf (x,v,t) in the Dirichlet initial-boundary value problem for the \#lav-Fokker-Planck equation

fi + v Okf — Okgp - O,f —divy(Bvf) — oA =S in Qx[0,T],
(P1) ¢ f(x,v,0) = fo(x,v), in Qy x Qy, Q)
f(x,v,t) =0, on g x[0,T],

whereSis sourceG := (v, —[k@), I'g ;= {(x,v) € I :=9Q|G-n < 0}, nis the outward unit normal, anfl satisfies

P2) { W) :/Qvf(x,v,t)dv, in Qxx [0,T],
|Ox¢ (x,t)] =0, (¢ p.w.constant,op =0) on dQy x [0,T].

We solve (P2) replacing) by a given functiorg, and insert the corresponding solutiggin (P1) to obtain an equation
for f. Thus, we linkf to the given datg as, sayf = A[g]. Hence, the solution for the VPFP system is a fixed point of
the operaton\, i.e. f = A[f]. We may study existence and uniqueness using a Schaudepbxeitheorem. For the
discrete version this step can be repeated using a Broupeffixed point argument, see, e.g. [1] and [3].

Conventional numerical methods for the Vlasov-Poissonraladed equations have been dominated by the particle
methods see, e.g. [5] and [11]. A 1-dimensional finite volwtigeme for the Vlasov-Poisson is studied in [6].

To approximate (P2) we use a finite volume approachdincg, ¢ R3. As for (P1) we employ streamline-diffusion
and discontinuous Galerkin methods based on the studieg] iand [4]. We shall only give sketch of the proofs.
Detailed proofs are obtained following the techniques B for finite volume, and [1]- [2] and [8] for finite elements.

2

THE FINITE VOLUME METHOD FOR POISSON EQUATION IN 3D

The cell-center finite volume (FV) scheme for problem (P@)standard domaify = (0,1)3, is given by
—2p=p, in Qx=(0,1)x(0,1) x (0,1) |Oxp|=0, on 9Q, (3)
wherep = [ fdv. Existence uniqueness and regularity studies for (3) atensions of two-dimensional results in
[7]: p € H71(Qy) implies that3! ¢ € H3(Qx), and forp € HS(Qy), with —1<s< 1, s# £1/2, ¢ € HSF2(Qy).
Theorem 1. The, respective, optimal FV error estimates for generaloaoiform and quasi-uniform meshes are
¢ — ¢nllin <CH@lpsia, and [|¢ — dnllo < CHlloghl[@|ysia, 1/2<s<2; (for |- [l1n, see(?)). (4)



The corresponding finite element estimates can be read frertheorem
Theorem 2. a) For the finite element solution of the problem (P2), withuasjuniform triangulation, we have that:
|¢ — dnllie <CH[logh| x [[[[r110, <2
b) Ve € (0,1) small, 3C; such that|¢ — ¢n||1, > Cch"#|logh], cf [9].

To derive the finite volume formula we consider the Cartesiash

P ={x:i=0,1,....1; X0=0,  X—X_1="h; x =1},
W ={yj: j=01....3;  yo=0, yj—yj_1=kj ys =1},
Ii: ={z:n=0,1,...,N; =0, Zo—Zn_1 = ln; zn =1}

With each(x;,y;,z,) we associate a finite volume box:

Wijn = (Xi—1/2:%+1/2) X (Yj-1/2,Yj+1/2) X (Zn-1/2,Zn41/2)

and chooseentral finite volume boxésside each 27-points stencil element with the charadtefisnctions as:

Xi-1/2=X% _hi/27 Xit1/2 =X _h(i+1)/2, lj :Hlﬂ
Vi =Yi—ki/2 Yip=Yi—kpn/2 k=g
Zr-|7l/2: Zn—gn/z, zn+1/2: Zn_é(n+l>/2) én nt fH’l,
- owf( ) (52 (g2 ) i, o
Let nowp € H(Qx), s> —1/2, and extengh to R® preserving its Sobolev class. Thus, we may define
1 o9
an 95 i Y 5
|l Jowy, On " Jain (X”” p)(” R (5)

using three dimensional COI’]VO|UtION§n * p, which is continuous ifR3. Recalling thap € Lt (Qx) we may write

1 X y Zn
/+1/2/J+1/2 +1/2 xy, dXdde (6)
|jn| Joa dn ﬁngn %12 Y12 Y712

Let 74 be the set of piecewise bilinear functions on the bgxnduced byﬁQ e’ ={Fe7|F=0 on 0Q}.

Definition 1. The finite volume approximation of the solutignfor the Poisson equationg, € 7}’ is defined
(implicitly) through the following algorithm:

1 d(ph 1 ) . i ) h
_ﬁlkjgn Amjn st ﬁkj (len p)(xlayhzn)) (thjazn) E§2X'

Stability and convergence of this method are generalinatid Sili's [10] results in two dimensions for the Dirichlet
problem. ForiCx¢| = 0 on dQx with extendedp («) = 0 yield ¢ = 0 ondQy. The first assertion in Theorem 1, may
be proved repeating the arguments in [10] (we skip) for the&k in discretel}(Q) andL,(QR) norms:

1/2
l@lin= (II?+wiZn) " and gl = (w.9)"2, (7)

=~ vz .
where(¢, ) = 5173 5773 SN ik a@inttin, and|@lun = (118 W2 + 14y I3 +1187 wl2) ", with divided dif-

ferencesA, Yijn = (Wijn — Wi-v.j.n)/M, & Yijn = (Yijn — Yij-1n)/Kj andA; Yijn = (Wijn — Yijn-1)/ln, and the,
one-sided discrete,-norms:

I J-1IN-1

A; )2<: s WX, y Yix = ik en@jn ijn>
1A @l = (W, ¥ (@, y] i;;ﬂ; ien@ijn Yij

with similar notations foly andz variables. Our numerical results justify convergence ofdefleme.



STREAMLINE DIFFUSION AND DISCONTINUOUS GALERKIN APPROACH ES

For a finite element scheme @y := [0, T] x Q we use a subdivision d®, into the product of tetrahedral elememgs
andty, , asg, = {1 =1« X TV} combined with a partition of the time intervd, T): 0=ty <t; <... <ty =T, and let
Im = (tm,tm1); m=0,1,...,M — 1. Then the corresponding partition ©f is given by theprism-type triangulation

%h ={KIK:=TxIm, 1€ s, h=maxdiant)}.
We seek piecewise polynomial approximations for the sofutif problem (1) in a finite dimensional space
Vhi={f e : flk € Zu(1) x P(lm); VK =T X Im€ Gh},

with VW, being continuous it andv, possibly dlscontmuous inacross time levels, and.Z .= |‘|"’I 1 Hl(Qm) Qm=
Q x Im. We shall also use the jumpg] = g* — g~ with g* = limg_o.- g(X,v,t + ), and the standard notation

(f,9m= (f,9)an = Jo, fadxdvdt  [glm= (208>  (f.0)m=Jo F(--tmd(- - tm) dxdy
1/2

lgm=<g,9>m°, < fF,g7 >rs= Jr. fTgT|G"-n|dy, < 7,97 >p= [, < fT,g7 >rs dt.
Using notationdf := (Oxf,0yf) and G := (vl,...,vd,—dtp/dxl,...,—(?(p/dxd), we get diz(f) = 0. For finite

element procedure (both in the SD and the DG cases) weé led be a certain (linear) function spacfa,e Z an
approximation off andlnf € .% a projection off into .#, then to estimate the approximation error

f—f=(f-nNH+(Nf-f=n+¢& ez

We use interpolation to estimaltén |||, and establishi|£]|| < C|||n]|l,  (|I']|| ;== || - ||z, ==SD or==DG, below).
Now we consider the streamline diffusion (SD) method for)®ith test functions of the forra+ o (ut +G( f) . Du)

with & ~ h, the mesh size. For convenience we use the notafian=w; + G(f) - Ow and formulate the SD method
for problem (P1) as follows: givefy, (-,-,tm), find f, € i\, such that fom=0,...,M -1,

(Pm)  B2(G(fn); fr,u) —I2(fn,u) = LS(U),  VueW. (8)
Bm = (@fh, u+ 6@u)m+ U(vah, Dvu)m+ <[fh], u>m - 60—(A\/fh, @u)m, (9)
38 = (Oy- (Bvfh),u+02u)m, and LS :=(Su+32u)m+ (f*,u*hrﬁ +{(f7 U (10)

Pn is a linear system of equations leading to an implicit schantkto solveP; is equivalent to findf, € W, such that
M-1 M-1 M—1

B%(G(fn); fn,u) = 3°(fn,u) =L%(u), vueVy,  B%:= § BY, 3%:=F 3 L0=3 L} (11)
m=0 m=0 m=0

Stability and error estimates

Lemma 1. For the SD method we have the coercivity and stability es&mﬁs( (f");g, g) %||g||§D, Vg e 2,
2 _ 10002 2 2 Mt 2 ol ggll2 2/ch
9% = 52010l +I0fs+ 19+ 3 lalf+217alE,+ [ 16" ],
m=

ol 0 50 < [—||@g||2+z| o+ [ gflehnlae, ve>o

Remark 1. In the discontinuous Galerkin caség||pc and||g||L,(or,pc) are defined by replacing thg-term, in the
SD case, b [y (c[0]%|G"- n|ds wheredK_(G”) = {(x,v,t) € IK_(G') : ne(x,w,t) = 0}.



Theorem 3. Assume that there is a constant C such thatf||. + ||G(f)||« + ||ZN|le < C. Then, we have the
following error estimate for the streamline diffusion madtfor (P1):

It — fspllsp < CHY2)| [l kia gy -

Proof. (Sketchy) Letf" be an interpolant of , split the errorag = f — fgp= f — M+ f"— fgp:=n — &. Then,
1
5/1€1180 < B(G(f"):€.£) =B(G(1); f,&) —B(G(f"); &) + 3(f". &) —3(F.&)
1 1
= 0B+ AJ < Z||€]|5p+CalInll&p+ §||5||%D+CJ||U||§D=

where we have used the inverse estimate. The interpolation|g |3, < Cih*"/?|| f [xr1(qy), Vields the result. O

In the DG case, we assume also discontinuitiesandv over the interelement boundaries and use discrete spaces
W, = {g € Lo(Qr) :glk € A(K) VK e ffh}, wd = {we ILo(Qn)] s Wik € [A(K)® VK e %h}.

Theorem 4. Under the assumptions of Theorem 3 and for the exact solditioid "1 (Qr) NWkK+1=(Q7), we have
that the discontinuous Galerkin approximatiassfe Wr? for f in (P1) satisfies the error estimate

I~ foslie < CHHY2([1f sy + I llwkssogar) )-

Proof. (Sketchy) Here we demonstrate only the terms that are iredlv estimations of the interelement jump terms,
which are additional to those in the SD-case. To this endnveduceR: W, — WY, see [4], defined by

Rgw="- 3 /I 3 JlignwPdv,  vwew, (12)

Ev is the set of all interior edges @f'. Define(x)° = %Xm and[[x]] = x — x®, wherex®is the value ofy in the
elementr& havinge € E, common edge witlt,. Letr, be the restriction oR to the elements sharing the edge E,:

re(Qw= — Z /TXI /e[[g]]n\,-(w)odv, vwewe. (13)

Hence, we may easily verify thfleyr,qg,fe = R onTy = [|R(9)||Z < Y Tecork, lITe(9)]|Z. Where 1, corre-
sponds to the elemeft andy = y(d) > 0 is a constant. Furthermore, since the support of eadh the union of
elements sharing the ed@e Y ecev(re(9)[|* = Skec Teconrevllre(9)k- The DG method reads as: finig € W,

such thatBpg(G(fn); fn,9) — K(fh,9) = L(g), Vg € W, (Kf,g) = (D«(vi%g + h%)- Proving the coercivity:

BocG(f");0,9) > al||gl||?, Vg€ W, (compared tdBsp, contains also interelement jumps) yields the DG estimate.
O

NUMERICAL EXAMPLES FOR FVM

Our implementations are done, in 2d, in tRstatistical package for:
Gaussian function:  u1(x,y) = exp(—((cot(1x))? + (cot(11y))?)) - X(0.1)x(0,1)(%.Y),  With

Bu(xy) = 3mexp(—((co )2 + (co ) ) ( 2 1+6C05(32ir71?()ni)cos{4m)
=Xy

) “Xonxo1%y). (14)

Mollifier:  ua(x,y) = exp(— 17(4(y70.5)%+4(x70.5)2)) X01)x01)(XY), with

L 128((y70.5)2+(x70.5)2)
Ap(xy) = EXp(_lf<4<y—o.5>2+4(><—0.5>2>)' _(17(4(y70.5)2+4(x70.5)2))3+

(15)
64 ((y70.5)2+(x70.5)2) 1%
+ - “X(0.0%(0.)(%Y)-

(lf(4(y70.5)2+4(x70.5)2))4 (17(4(y70.5)2+4(x70.5)2))2
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FIGURE 1. Left: error for Gaussian; function. Center : error for mollifiet, function. Right : potentializ function. Top row:
L2 errors, bottom row relative errors (the relative errors$orall meshes are not shown, as they were extremely high andtad
relative error was not evaluated if the value of the true fiomcwas less than 16).

The FVM performs reasonably well far andu,. Errors, for different mesh sizes, and graphs are in FigadlZ?a
Mollifier difference — potential: Let ux(X,y) denote the mollifier function defined in section Mollifier. Treate a
potential we take a difference of two mollifiers, one shrumktsmaller region.

us(xy) = 3-u2(x,y)—10-u2(’—2‘—%,%—%)-x(%’%)x(%’%)(x,y (16)
Duz(x,y) = S'AUZ(va)_%'AUZ(%_%%_%)'X(%’g)x(%’g)()(,w

Note that the characteristic function in the definitionugfdoes not cause any problems for the derivatives as the
mollifier goes smoothly to 0.




FIGURE 2. Top left : true Gaussian function, top right : FVM approximoat of Gaussian function, center left : true mollifier
function, center right : FVM approximation of mollifier fution, bottom left : true potential function, bottom right VM
approximation of potential function. The FVM was calcuthten a random grid of 50 internal nodes in each dimension. The
points were the same in both dimensions. The graphs are tgné ¢ ef r ame() function) on a random grid (different from the
FVM one) of 100 internal nodes in each dimension. The poirggtee same in both dimensions.
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